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Abstract

In this paper, we study some questions concerning the structure of
the degree spectra of the sets of atoms and atomless elements in a com-
putable Boolean algebra. We prove that if the degree spectrum of the set
of atoms contains a 1-low Turing degree, then it contains the computable
degree. We also show that in a computable Boolean algebra of character-
istic (1,1,0) with computable set of atoms the spectrum of the atomless
ideal consists of all II3 Turing degrees.

81. Introduction. The study of Turing degree spectra of relations on com-
putable models is one of the main topics in computable model theory. It began
with the paper [1] by Ash and Nerode which gave a syntactic characterization
of intrinsically computable and intrinsically computably enumerable relations.

The research on degree spectra of relations not only provided useful meth-
ods for distinguishing different computable presentations of a given model but
also grew into an independent and quite a fruitful area connected with various
branches of computability theory and mathematical logic.

Following Harizanov’s dissertation [6], we will call the degree spectrum, or
simply the spectrum, of a relation R on a computable model A the set

Spec(R) = {deg(R’) : R’ is the image of R in some
computable model A" = A},

where deg(R’) is the Turing degree of R’.
Of special interest are the spectra of relations on linear orders and Boolean
algebras, since they are sufficiently nontrivial and well studied classes of models.
Recently Downey, Goncharov, and Hirschfeld have completely resolved the
question of the cardinality of the degree spectra of computable relations on
Boolean algebras.
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Proposition 1 ([4]). Let R be a computable relation on a computable Boolean
algebra B. Then either R is definable by a quantifier-free formula with param-
eters in B (in which case R is intrinsically computable) or Spec(R) is infinite.

There is a similar result for linear orders:

Proposition 2 (Hirschfeldt). Let R be a computable relation on a computable
linear order L. Then either R is intrinsically computable or Spec(R) is infinite.

An important role plays the study of the degree spectra of first-order de-
finable relations such as the set of adjacent elements in linear orders and the
sets of atoms and atomless elements in Boolean algebras. Remmel [8] proved
that the spectrum of the set of atoms in a computable Boolean algebra is closed
upwards, provided that it is non-trivial; Downey [2] showed that every such
spectrum always contains an incomplete Turing degree. This work continues
the study of the degree spectra of the sets of atoms and atomless elements in
computable Boolean algebras.

The main definitions from recursion theory, the theory of computable models
and Boolean algebras can be found in the books by Rogers [9], Soare [10], Ershov
and Goncharov [5], and Goncharov [3].

A set A <r @&’ is called I-low, if A’ =r @', where A’ is the Turing jump of
A. The quantifier V# means “for all but finitely many.”

When working with binary trees, we will use notations from Goncharov [3].
Define the following functions and relations on N:

R(n)=2n+2, L(n)=2n+1,
H(0)=0and H(n)=[(n—1)/2] if n > 0,
where [z] is the integer part of z,

n—1, niseven, n >0,
S(n)=<n+1, nisodd, n>0,

0, n =0,
h(0)=0, h(n+1)=h(H(n+1))+1,

H(z,0) = x,h( I){(a:, n+1)=H(H(z,n)),

Ty = H |H(z,n) —y| =0.
For every n € N, they havg:the following meaning;:
R(n) is the right child of n,
L(n) is the left child of n,
H(n) is the parent vertex of n if n # 0,
S(n) is the neighbour of n below H(n),
h(z) is the distance between 0 and n,

x < y iff z and y are on the same branch and z is below y.



A subset D C N is called a tree if for every n in D, H(n) and S(n) are in D.
Given a Boolean algebra B and an = € B, denote by Atg(z) the number of
atoms of B below z. Also denote the ideal generated by the Fréchet ideal and
the atomless ideal by S(A).
To prove that two Boolean algebras are isomorphic, we will often use Vaught’s
Criterion, which can be found in [3].

In Section 2 we will prove that for Boolean algebras of a certain type, the
spectrum of the atomless ideal is complete, i.e., it contains all 1T Turing degrees.
In Section 3 we will prove that if the spectrum of the set of atoms contains a
1-low Turing degree, then it contains the computable degree. In particular, this
implies that there is no computable Boolean algebra with the spectrum of the
set of atoms consisting of all non-computable c.e. Turing degrees.

82. Degree spectra of atomless elements. The main result of this
section is the following theorem.

Theorem 3. Let B be a computable Boolean algebra of elementary character-
istic (1,1,0) with computable set of atoms. Then for every 119 set C, there is a
computable Boolean algebra B’ = B such that Al(B") = C.

PROOF. Goncharov and Vlasov [11] proved that each computable Boolean
algebra of elementary characteristic (1, 1,0) with computable set of atoms has
a decidable presentation. Therefore, we assume that B is decidable. We will
need the following definition.

Definition 4. Let {B;};c., be a sequence of Boolean algebras such that
1) the set {(i,x) : € B;} is computably enumerable,

2) the functions fO(iu :v,y) =z VY, fl (27 :v,y) =T N Y, fg(l,.’l]) = Cz(x) are
partially computable, where V;, A;, C; are the basic operations on B;,

3) the functions go(i) = 05 and g, (i) = 15 are computable.

We will call such a sequence computable.

Consider the set A = {{(zg,...,2) : 7; € By, 2 = 08 or x), = 15%
and x # xx—1}. Each tuple (zg,...,zr) € A defines the unique element = €
Z B; such that

{0,1}

P1Ew
ZT; if 4 < k,

x(i) =< 08 ifi >k and x;, = 0B,
1B if i > k and x, = 15,

It is clear that A is computably enumerable. So there exists a one-to-one com-
putable function f such that pf = A. Using f, define computable functions V, A
and C such that B = (N; Vv, A, C) is a computable Boolean algebra isomorphic

to 2{071} B;. We call such B a natural computable presentation of Z{Ovl} B;.

1EW 1EW
Let us prove an auxiliary lemma.



Lemma 5. Let A and B be countable Boolean algebras such that:
(a) the set of atoms in both A and B is infinite,
(b) neither A nor B contains an infinite atomic element,

(c) for every x € A (x € B) either x € S(A) (z € S(B)) or C(x) € S(A)
(C(z) € S(B)).
Then A= B = B, y.

PROOF. Define

S={(z,y): €A ye B, z€ S(A) < ye S(B),
x € Fr(A) < ye€ Fr(B)and z € S(A) = Ata(z) = Atp(y)}.

It is easy to check that S is a condition of isomorphism for A and B. Therefore,
by Vaught’s Criterion A and B are isomorphic. The algebra B, obviously
satisfies the conditions (a)—(c) of Lemma 5. Hence, both A and B are isomorphic
to BW+77' O

Lemma 6. Let B be a decidable Boolean algebra of elementary characteris-
tic (1,1,0). Then there exists a computable sequence {B;}icw of computable

Boolean algebras such that B =2 Z B, chy(B;) = 0 and the sets of atoms
{0,1}
€W
and atomless elements in B; are uniformly computable in i.

PROOF. Since B is decidable, the Ershov-Tarski ideal I(B) is computable.
Let {a;}ic. be a computable sequence that enumerates all the elements of B.
Construct a computable sequence {b;};e,, as follows: let by = a; for the min-
imal ¢ such that a; € I(B) and a; # 0. Suppose by, ..., b, have been already
constructed; let b, 1 = az \ \/ign b; for the minimal ¢ such that a; € I(B) and
ag \ Vign b; # 0. Let B; = b:-; then {B;}ie, is the required sequence. O

Consider the sequence {B;};c. from Lemma 6. Since chy(B;) = 0, we have
that B; & A} x B], where A} is an atomic Boolean algebra, and B} is an atomless
Boolean algebra or 0.

Note that if 3°°¢ B] = 0, then 3¢ B] = B,, since otherwise ch;(B) = 0.
Let B} = B; x B,,. It is clear that B = Z B}. Hence we assume from now

{0,1}
1EW
on that B; = A} x B, where B; = B, for all i. Consider the following cases.

CASE 1. 3°°4 A} is infinite.
CASE 1.1. There exists infinitely many ¢ such that A} has a direct summand
isomorphic to B,. Let B} = B; x A*, where A* is a decidable presentation of

B,,. It is not hard to see that B = Z{o 13 B!. Thus, in this case we may

3
€W
assume that A} is infinite for all 4.
CASE 1.2. There are only finitely many ¢ such that A} is infinite and has a

direct summand isomorphic to B,,. In this case 3¢ A, = B, x,. Similarly to



Case 1.1, let Bi1 = B; x A*, where A* is a decidable presentation of B, x,. It is
not hard to see that B & Z

PEW

(0.1} B}. Thus, in this case we may assume that
A} is infinite for all 1.

Case 2. 3<% A/ is infinite. Collect all infinite A}’s into a separate direct
summand. By Lemma 5, the remaining part will be isomorphic to B, i.e., B
is isomorphic to the direct sum of B, a computable infinite atomic Boolean
algebra. Now the proof of Theorem 3 follows from Lemmas 7 and 8 below.

Lemma 7. For every 119 set C, there exists a a computable Boolean algebra
B = B, 1y, such that Al(B) =1 C.

Proor. If C is computable, then let B be a decidable presentation of B,
Now, assume that C is not computable. Since C is a II9-set, there exists a
computable predicate R(z,s) such that

x € C < I R(x,s).

Let D be a computable atomless Boolean algebra and let {D;};c., be a stringly
computable sequence of finite subalgebras of D such that Dy = {0,1}, D;41 =
gr(D; U {a;}), where a; is an atom of D;11 and D = (J,c,, Di.

Consider a computable sequence of Boolean algebras {B;};c. such that
Bsi, = Do and Bagyy1 = D for all k. Construct a computable sequence {B}}ic.
step-by-step.

Step 0. For every k, let BY, = Boy, B, | = Bak1.

Step s + 1. For all k¥ < s+ 1 such that R(k,s + 1) do the following: if
B3, = D;, then let B! = D;;1. For all other k, let Bif' = Bj,. This
concludes the step s + 1.

Let Bj, = U,e, B5,- Thus, the sequence {Bj}ic., is constructed. Let B

be a natural computable presentation of Z Bl. We have the following

{0,1}
1EW
equivalence

k 1

keC <= =z i
{o,1}

is an atomless element of Z

1€W

where )
(i) = OBZ,', if i # 2k,
1Bi if i = 2k.

3

Hence, C' <p Al(B). Furthermore, x is an atomless element of Z{o L Bl iff

}

1EW

there exists ig such that for all i > iy, we have z(i) = 05, and for all i < io,
iis even = (i) =05 or i/2 € C.

Thus, Al(B) <t C. Since C' is not computable, N\ C is infinite. By Lemma 5,
we have that B = B, . O



Lemma 8. Let {B;}ic. be a computable sequence of Boolean algebras such that
B, = A x Bj, where A} is an infinite atomic Boolean algebra, B = B,,, and the
sets of atoms and atomless elements in B; are uniformly computable in i. Then

for every N9-set C, there exists a computable Boolean algebra B = Z{o 1} B;

1€EW

such that Al(B) =r C.

PROOF. Since the sets of atoms in B;’s are uniformly computable in ¢, we
can construct a computable sequence {a;}ie,, such that a; is an atom of B;.
Let D be the computable atomless Boolean algebra and let {D;}iec, be the
strongly computable sequence of finite subalgebras as defined in the proof of
Lemma 7. Consider the computable sequence {C;};c. such that Cor = Dy and

Cori1 = (C/'(a\k))Bk. It is clear that

Z{071} Ci = Z{0,1} Bi.
1EW

1EW
Let R(x,s) be a computable predicate such that
z € C < 3I°s R(x,s).

Construct a computable sequence {C!};c., step-by-step.

Step 0. For every k, let Cgk = Oy, and C§k+1 = Copy1-

Step s + 1. For every k < s+ 1 such that R(k,s + 1) do the following:
if C5, = D;, then let C5;' = D;;q. For all other k, let C5' = Cj,. This
concludes the step s + 1.

Let C3, = U e, Csy- Since for every k, Oy, is either a finite or the infinite
atomless Boolean algebra, we have that C3; x C3, | = By. Hence,

Z{0,1} ¢ = Z{0,1} Bi.
IS

1EW

C!. Since

Let B be a natural computable representation of Z{o 1

1EW

k /

keC <= = Ci,
{o,1}

is an atomless element of Z

1EW

where

(i) = oci, if i # 2k,
1%, if i =2k,

we see that C' <p Al(B). Note that = € Z{o 11 C! is atomless if and only if
1EW 7
there exists ig such that the following conditions are satisfied:

1) for every i > ig, (i) = 0%,



2) for every odd i < i, z(i) is an atomless element of By and z(i) < C(ay),
where k = (i — 1)/2,
3) for every even i < ig, z(i) = 0% or i/2 € C.
Hence, Al(B) <r C. O
Therefore, Theorem 3 is proved.
83. Degree spectra of the sets of atoms. In this section we will study

some properties of the degree spectra of the sets of atoms in computable Boolean
algebras. First, we will need the following isomorphism theorem.

Theorem 9 (Isomorphism Theorem). Let A be a subalgebra of a Boolean algebra
B such that:

1) the set Atom(A) of atoms of A is infinite;

2) if a € Atom(A), then a € Fr(B);

3) if a € Al(A), then a € S(B);

4) B = gr(AU Atom(B)).
Then A and B are isomorphic.

PRrROOF. Given z,y € B, we write x ~ y when z Ay € Fr(B). Since

B = gr(AU Atom(B)), we have that Vb € BJa € A a ~ b. It is easy to see
that Va € A (a € S(A) <= a € S(B)). Let

S={(a,b) e AxB:a€Fr(A) <= be Fr(B), ae S(4) —
be S(B), ae€ S(A) = Ata(a) = Atg(b), a ¢ S(A) = a ~ b}.

A routine check shows that S is a condition of isomorphism for Boolean algebras
A and B. Therefore, by Vaught’s Criterion A and B are isomorphic. The
theorem is proved. O

Theorem 10. Let B be a computable Boolean algebra with infinitely many
atoms such that Fr(B), Al(B) € AY. Then there exists a computable Boolean
algebra A =2 B such that Fr(A) is computably enumerable.

PROOF. Since B is computable, there exist a computably enumerable tree
D and a partially computable function ¢ such that (D, ) is a tree generating
B. Also, there exists a strongly computable sequence {D;}se., of finite subtrees
of D such that D = J,.,, Ds and D41 = Ds U {L(a), R(a)}, where a is a leaf
of Dy.

Call a vertex € D finite if N D is finite, where & = {y : y < }. Call a
vertex x € D complete if 7 C D. It is clear that

x is a finite vertex of D <= ¢(x) € Fr(B),
x is a complete vertex of D <= ¢(z) € Al(B).



Therefore, the sets of finite and complete vertices are AY-sets, and hence
there exist strongly computable sequences {Fs}scw and {Gs}secw of finite sets
such that

x is a finite vertex of D = V%5 x € Fj,
x is not a finite vertex of D = V#s x ¢ F,
x is a complete vertex of D —> V#s z € Gs,

x is not a complete vertex of D — V#s x ¢ Gs.

Construct a new strongly computable sequence {F,}s¢c. of finite sets such
that

1) F! C Dy,

2) if 2 is a finite vertex of D, then V#s x € F,

3) if x is not a finite vertex of D, then V#s z ¢ F,

4) F! is a lower cone in Dy, i.e., for all z,y € Dy if y < « and z € F., then
y eI,

5) 0 ¢ F,

6) if © € D, \ FJ, then there exists a leaf y < = of Dy such that y ¢ F,

7) if x is a complete vertex of D, then V#s 2N F! = @.

Intuitively, these conditions mean that the sequence {F!}sc., possesses the
same properties as {F N D;}sew, where F is the set of all finite vertices of D.
Let Fj = Fs, N Dy, where sq is the first step such that

a) Fs, N Dy is a lower cone in Dy,

)
b) 0 ¢ Fs, N Dy,
c) if & € Dy \ Fs,, then there exists a leaf y < x of Dy such that y ¢ Fj,,
d) if z € G, then TN Fs, N Dy = @.

Such sg always exists. Next, let F| = F5, N Dy, where s; is the first step after
So at which the conditions a)-d) are satisfied after replacing F,, G5, and Dy
with Fs,, G, and Dy, respectively. And so on.

As one can see, {F!}se., possesses the properties 1)-7). For convenience, we
will write Fy instead of FY.

We will construct the required Boolean algebra A step-by-step. At the end
of step s we will have a finite Boolean algebra A,, a subtree D, C Dy, a
map fs : Ds — Ay such that (Ds, fs) is a tree generating Boolean algebra
Ay = gr({fs(x) : # € D,}), and finite sets Fr, and Fr;.

The domain of Ag will be an initial segment of N. When we say in the
construction “split an atom a € A, into two atoms ag and a; in Agy1”, this
means that we construct a Boolean algebra Az such that the domain of As 4
is an initial segment of N, and Agy1 = gr(As U{ao}) with ag ¢ As, ag < a, and
a1 = a\ag. Note that given A and an atom a € A, this construction can be
done effectively.



Let f = lim,f, and A = gr({f(z) : £ € D}). For every m > 0, consider the
following requirements:

RY . if m € D is not a finite vertex, then m € dom(f) and f(m) ¢ Fr(A),
RL . if m € D is a finite vertex, then m € dom(f) and f(m) € Fr(A).

Define the priority of the requirements as follows:
(1) if n < m and m # S(n), then R:, > RJ, for all i,j € {0,1},
(2) if n < m and m = S(n), then RO > Ros(n) > R} > Ré(n).

Description of the construction

Step 0. Let Ag = {0, 1} with 0 being the least and 1 being the the greatest
elements of Ay, Dy = {0}, fo(0) =1, Fro =@, Fr, =@.
Step s+ 1. We say that

(i) the requirement RO attracts attention at step s+ 1,if m € Dgy1, m ¢ ZN)S,
H(m) € Dg, m ¢ Feiq or m € Dy, m & Fsiq, fs(m) € Fry and there
exists a leaf k < S(m) of D, such that fs(k) ¢ Fry;

(ii) the requirement RL attracts attention at step s+1,if m € Dyy1, m ¢ ZN)S,
H(m) € Dy, m € Fs4q or m € Dg, m € Foiq, fs(m) ¢ Fry.

Let R be the requirement of the highest priority that attracts attention at
step s + 1. We say that R acts at step s + 1. Depending on the type of R, we
proceed as follows:

(1) Suppose that R = R% and m € Dgy1, m ¢ ZN)S, H(m) € ZN)S, m ¢ Feiq.
Consider fs(H(m)). If it is an atom of A, then split it into two atoms ag
and a1 in Agyq. If fo(H(m)) = aVb, where a is an atom of A; and b € Fr_,
then split a into two atoms ag and a; in Agyq. Let 55+1 = ZN)S U{m, S(m)},

fs+1 [ Ds = fs, fsr1(m) = ao, fs11(S(m)) = fs(H(m))\ao, Frsi1 = Frs,
Fr ,,=Fr;.

(2) Suppose that R = RY and m € Dy, m ¢ Fsi1, fs(m) € Fry, and there
exists a leaf k < S(m) of D, such that fy(k) ¢ Fr,. If fi(k) is an atom of
Ay, then split it into two atoms ag and a1 in Agyq1. If fo(k) = a Vb, where
a is an atom of A; and b € Fr;, then split a into two atoms ap and a; in
Agy1. Let Dyyy = Do\ {k : k < m},

fs(n), if H(m) < n or n is incomparable with k£ and m
fs+1(n) =< fs(n) Vag, ifn=m
fs(mN\ao, ifk=<n<S(m),

Fri,=Fro\{be Fr;:b< fo(m)} U{fs(m)}, Frop1 = Frs.



(3) Suppose that R = RL and m € Dyy1, m & D,, H(m) € D, m € Fy1.
Consider fs(H(m)). If it is an atom of A;, then split it into two atoms ag
and a1 in Agyq. If fo(H(m)) = aVb, where a is an atom of A; and b € F'r_,

then split a into two atoms ag and a; in Agyq. Let 55+1 = lN)S U{m, S(m)},

for1 | Dy = fo, forr(m) = ao, for1(S(m)) = fo(H(m)\ao, Frop1 = {z €
Aspr:y € Frg o <ytU{fea(m)}, Fro, =Frg.

(4) Suppose that R = R. and m € Dy, m € Fyy1, fs(m) ¢ Fry. Let Fryy, =
FroU{z € As: o < fo(m)}, Asy1 = As, Doy1 = Dy, for1 = fo, Fro, =
Fr.

This concludes the step s + 1. Now the proof of Theorem 10 follows from the
series of lemmas below.

Lemma 11. For each s the following conditions hold:

1) Ifk is a leaf of Dy, then fs(k) = aVb, where a is an atom of As, a ¢ Fry
and (b€ Fr; orb=0),

2) Frs is a lower cone in A,

3) Vn € D, \ {0} (fs(n) € Frs & fs(S(n)) € Fry) = fs(H(n)) € Fry,

4) f5(0)=1¢ Fry,

5) If k is a leaf of D, and all the atoms of As below fq(k) are in Frs, then
fs(k) € Frg,

6) Fr; C Frs.

PROOF. The proof is by induction on s. Suppose all these conditions hold
at step s, and consider step s + 1. Let R be the requirement that acts at this
step. Consider the following cases:

(1) R=R® and m € Dyyy, m ¢ D, H(m) € Dy, m & Foyq. Since m & Fy 4,
we have H(m) ¢ F,11. By assumption H(m) € D,. We want to show that
fs(H(m)) ¢ Frs. Assume that fs(H(m)) € Frs. If there existed a leaf k <
S(H(m)) of D, such that fs(k) ¢ Fry, then the requirement R?{(m) would

attract attention, which is impossible. Thus, for all leaves k € Dy such that
k < S(H(m)) we have fs(k) € Frs. By the inductive hypothesis, we have
that fo(H(H(m))) € Frs but H(H(m)) ¢ Fs41. Repeating this argument
a few more times, we have that fs(0) € Frs, which is a contradiction.
Therefore, fs(H(m)) ¢ Frs. Now it is clear that all conditions hold.

(2) R = R°, and m € D5, m ¢ Fop1, fs(m) € Fr, and there exists a leaf
k < S(m) of D, such that fs(k) ¢ Frs. Let us check the condition 3). Let
k < S(m) be a leaf of Dy such that f,(k) ¢ Fry. Then f(k) = ao V ay Vb,
where ag, a1 are atoms of As11, ag V a1 is an atom of Ay, and b € Fry or
b= 0. Take n € Dyyq \ {0} such that fo11(n) € Frop1 & for1(S(n)) €
Fryy1. Then clearly fs(n) € Fry and f4(S(n)) € Frs. By the inductive

10



hypothesis, we have that fs(H(n)) € Frs. Suppose that fe11(H(n)) ¢
Frsi1. Tt is possible only in the case when fq1(H(n)) = fs(H(n)) V ag or
fs41(H(n)) = fo(H(n))\ao. In the first case we have H(n) = m, which is
impossible since m is a leaf of l~)s+1. In the second case, we have k < H(n).
Then fs(k) < fs(H(n)) € Frs and fs(k) € Frs. This is a contradiction.
Therefore, fsy1(H(n)) € Frsy1. It is now easy to check all the remaining
conditions.

R=R!. and m € Dsy1, m ¢ lN)S, H(m) € lN)S, m € Fsy1. Let us check the
condition 3), that is

Vn € 5erl \ {0} (fs41(n) € Fropa & fs1(S(n)) € Frop
= fer1(H(n)) € Frepa).

Note that for every n € INDS, fs(n) € Fry <= fo11(n) € Fryyq. Hence for
every n € Dy \ {0} the condition 3) holds. Let n = m. By the construction
fs41(m) € Fropr. If for1(S(m)) = fs(H(m))\ao € Frsi1, then there
exists y € F'ry such that fs(H(m))\ao < y. Then f(H(m)) < y, and hence
fs(H(m)) € Frs. Therefore, fs11(H(m)) € Frs 1.

Let us check the condition 5). Consider the case when k = S(m) since
the other cases are trivial. Let foyi1(H(m)) = ag Va1 Vb, fsy1(m) = ao,
fs41(S(m)) = a1 V b, where ag, a1 are atoms of Agy1, ap V a; is an atom
of As, and b € Fr; or b = 0. Suppose that all the atoms of A;1; below
fs+1(S(m)) are in Freyiq. Then a; € Frsy1. Thus, there exists y € Frg
such that a; < y. Hence a = agVa; <y, and so a € Fr,. Moreover, all the
atoms of As;1 below b are atoms in Ag and belong to F'rg. By the inductive
hypothesis, fo4+1(H(m)) € Frs and therefore fo11(S(m)) € Frsyq. It is now
easy to check all the remaining conditions.

R=R! and m € D,, m € Foy1, fs(m) ¢ Fry. Consider only the condition
3) since the other conditions are trivial. We have to show that

Vn € 5erl \ {0} (fs1(n) € Fropa & fs1(S(n)) € Frop
= fer1(H(n)) € Frepa).

Consider the case when n = m since the other cases are clear. By the
construction fs11(m) € Frsy1. We want to prove that fs11(S(m)) ¢ Freiq.
Suppose fs+1(S(m)) € Frgyq; then fo11(S(m)) € Frs. Let us show that
S(m) € Fyy1. Indeed, assume S(m) ¢ Fyy1; then there exists a leaf k < m
of Dy such that f,(k) ¢ Fr, since otherwise the inductive hypothesis would
imply that fs(m) € Frs. This contradicts the assumption that fs(m) ¢
Fry. Thus, we have S(m) € Dy, S(m) & Fuy1, fo(S(m)) = for1(S(m)) €

Frs and there exists a leaf k < m = S(S(m)) of D, such that fs(k) ¢
Fry. Hence, the requirement Ros(m) attracts attention at step s + 1. It

is impossible since the requirement R} acts at this step. This shows that
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S(m) € Fsy1. By assumption m € Fs;q1. Hence H(m) € Fs11. We have
that fs(H(m)) € Frs since otherwise the requirement R}{(m) would attract
attention at step s 4+ 1, which is impossible. Since fs(m) < fs(H(m)), we
have that fs(m) € Frs. This contradicts the assumption that fs(m) ¢ Frs.
Therefore, we have proved that fsi1(S(m)) ¢ Freiq.

O
Lemma 12. FEach requirement acts only finitely often.

PrOOF. Consider n > 0 such that n + 1 = S(n) and the requirements RC,
R% .1, R} and R} ;. Let so be the step after which no requiirement of higher
priority acts. Then there exists s; > so such that n, S(n) € Dy for all s > s;.
Furthermore, there exists so > s1 such that

n is a finite vertex D = Vs > so n € Fj,

n is not a finite vertex D = Vs > sa n ¢ Fy,
S(n) is a finite vertex D = Vs > s2 S(n) € Fj,
S(n) is not a finite vertex D = Vs > s S(n) ¢ Fs.

Consider the step s2 + 1. Suppose that n and S(n) are not finite vertices of
D; then n ¢ Fy,. If f,,(n) € Fry,, then there exists a leaf k < S(n) of Dy, such
that fs,(k) ¢ Frs, since otherwise fs,(H(n)) € Frs, and H(n) ¢ Fs,. Since
the requirement R?{(n) does not attract attention at step so + 1, for each leaf

k < S(H(n)) of D,,, we have that fs,(k) € Fry,. Thus, f,,(H(H(n)) € Fry,
but H(H(n)) ¢ Fs,. Repeating this argument, we will eventually have that
fs,(0) € Frs,, which is a contradiction. Hence, the requirement RO attracts
attention at step s + 1, but then it acts at that step.

Therefore, fs,+1(n) ¢ Frsy4+1, and similarly fs,42(5(n)) ¢ Frs,42. Thus,
after the step s + 2 none of the requirements R2, R, R. and R}, will ever
attract attention, and so none of them will act.

Suppose that S(n) is a finite but n is not a finite vertex of D. As before, we
have that fs,41(n) € Fre,41. If fs,41(S(n)) € Frs,41, then the requirement
Ré(n) will attract attention at step sy + 2 and hence it will act at that step.
Therefore, fs,42(S(n)) € Frs,q2. Thus, after the step sz + 2 none of the
requirements RY, R%_ ;. R} and R}, will ever attract attention, and so none
of them will act.

The cases when n is a finite but S(n) is not a finite vertex of D and when n
and S(n) are finite vertices of D can be handled in a similar way. O

Lemma 13. For every n € D, there exists the limit f(n) = lims fs(n).
Proor. This is a direct corollary of the previous lemma. O

Let A = gr({f(n) : n € D}); then it is clear that (D, f) is a tree generating
the Boolean algebra A. Therefore, we have that B = A. Let Fr = .. Frs.
We will prove a few lemmas concerning the properties of A and Fr.

SEW
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Lemma 14. If a is an atom of A, then a € Fr(A).

PROOF. Since a is an atom of ,ZL there exists a leaf n of D such that
f(n) = a. Then there exists so such that fs(n) = f(n) for all s > s¢. Consider
the element f,,(n) € As,. We have that fs (n) = a V b, where a is an atom of
Ay, and b € Fry or b = 0. In either case b € Fr(A). Since n is a leaf of D
and fs(n) = fs,(n) for all s > sg, we have that a is an atom of A. Therefore,
a € Fr(A). O

Lemma 15. Ifn is a complete vertex of D, then f(n) € S(A).

PrROOF. Counsider sp such that fs(n) = f(n) for all s > sg. Consider
s1 = sg such that Fx, N n =0 for all s > s1. There exists s > s1 such that
fsy(m) ¢ Frg, for all m € Dy, N 7. We now have the following equivalence:
x < f(n) and z is an atom of A if and only if x € A, and there exists b € F'ry,
such that © < b < f(n). Clearly, f(n) contains only finitely many atoms of A,
ie., f(n) € S(A). O

Lemma 16. If z is an atomless element of A, then x € S(A).
Proor. This is a direct corollary of the previous lemma. O
Lemma 17. Ifx € Fr, then x € Fr(A).

PrOOF. Let z € Fr; consider sg such that x € Fry,. Suppose that x =
xo V-V x, where z; is an atom of Ay, for every i = 1,..., k. Then all x;’s are
in Frg,. If there exists b € F'r; such that z; < b, then z; is an atom of A If

there is no such b, then there exists a leaf n; of 550 such that fs,(n;) = z; Vb,
where b € Fr, or b = 0. If at a step s > sp some requirement RO acts for
n; < m, then z; will be below an element of Fr_; hence x; € Fr(A). If no
requirement of the form RO, for n; < m acts after step s, then n; is a finite
vertex of D; hence x; € Fr(A). Therefore, we have that x € Fr(A). O

Lemma 18. If x is an atom of A, then x € F'r.

ProoF. Consider sg such that = is an atom of As,. If there exists b € Frg

such that x < b, then « € Fr,,. Otherwise, there exists a leaf n of lN)SO such
that fs,(n) =z Vb, where b € Fr;, or b= 0. If there exists s; > s¢ such that
fs1(n) # fso(n), then it means that at some step greater than sy a requirement
R?n for n < m has acted. In this case there exists b’ € Frs_1 such that x < b'.
Thus, z € Fry,.

If fs(n) = fs,(n) for all s > sp, then n is a leaf of D. Then there exists
s1 = so such that n € F for all s > s;. Furthermore, if fs(n) ¢ Fry, then the
requirement R! attracts attention at step s. Hence, there exists s > s; such
that fs,(n) € Frs,, and therefore © € Frg,. O

Lemma 19. Fr(A) is computably enumerable.

13



PROOF. Since

k
x € Fr(A) <= 31 ... 3y, (962961\/---\/9c;C and /\l‘iEFT)
i=1

and the set F'r is computably enumerable, then so is F'r(A). O
Lemma 20. A is generated by A and Atom(A).

PRrOOF. Given z,y € A, we will write z ~y if t Ay € Fr(A). Let z € A,
then there exists sg such that © € Ay,. Note that there exist leaves nq,...,ng
of Dy, such that @ ~ fo,(n1) V-V fo (ng). Let Cyy = {n1,...,nx}.

Suppose that at step s > sg we have constructed Cy, and consider the step
s+ 1. If at this step a requirement of the form R} or R, of case (1) acts, then
let Cs11 = C. If a requirement RO, of case (2) acts, then consider a leaf k of
D, from the definition of case (2). Let C, = C, \ . If k < n < S(m) for some
n € Cs, then let Csyq = C; U {m}; otherwise, let Cs11 = C;.

It is clear that © ~ \/, .o fs(n) for all s > sp. Since we add to Cs only
vertices of smaller levels, the limit C' = lim,C; exists, and x ~ \/, . f(n).

Since \/,,c¢ f(n) € A, we have that A = gr(A U Atom(A)). O

By the Isomorphism Theorem (Theorem 9) we have that A = A =~ B. By
Lemma 19 Fr(A) is computably enumerable. The theorem is proved. O

Theorem 21. Let B be a computable Boolean algebra with infinitely many
atoms such that Fr(B) is computably enumerable. Then there exists a com-
putable Boolean algebra A = B such that Atom(A) is computable.

PRroOOF. Consider a strongly computable sequence {B;}:c,, of finite Boolean
algebras such that By = {0,1}, B;11 = gr(B; U{a;}), where a; is an atom
of Bit1, and B = |J,c,, Bi, and also a strongly computable sequence {Fr;}c.
such that Fro = @, Fr; C Frigq and Fr(B) = J,c,, F'ri-

We construct the required Boolean algebra step-by-step. At step s we will
construct a finite subalgebra A4 of Boolean algebra B, and the set Aty consisting
of atoms of A,. Moreover, every atom of Ag not in Aty will be an atom of Bi.

Step 0. Let Ag = By and Aty = @.

Step s+ 1. Let Bsi1 = gr(Bs U{as}), where a4 is an atom of Bs11. Let ¢
be an atom of Ag such that a; < c. If ¢ € Atg, then let A1 = As; if ¢ ¢ Ats,
then let As11 = gr(As U{as}). Also let

Atgy1 ={x € Agy1 : 2z is an atom of As4q and Jy € Frop1 NAsyr (< y)

This concludes the step s + 1.
Let A = U, A; and At = U, At;. Note that Atom(A) = At. Indeed, if a
is an atom of g, then a is an atom of A, for almost all s. If a ¢ At, then a must

be an atom of B since otherwise we would have split it. Therefore, a € Fr(B),
and by the construction a will be enumerated into Ats at some step s.

1EW
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Every atom of A is a union of finitely many atoms of B since At C Fr(B).
Suppose that b is an atom of B. Consider the first step s such that b € Bs.
Suppose that b < a, where a is an atom of A,. If a € At,, then a is an atom
of A. If a ¢ At,, then a = b and in this case a will also be an atom of A.
Therefore, each atom of B lies under some atom of A, which implies that the
set of atoms of A is infinite and Al(A) C Al(B) C S(B).

Let us show that B = gr(A U Atom(B)). Take b € B and consider the first
step s such that b € Bs. Then b = by V...V bg, where by,...,b; are atoms of
Bs. Consider a = ay V...V a, € Ag, where each a; is an atom of A, such that
b; < a;. Note that a A b € Fr(B). Therefore, B = gr(A U Atom(B))

Hence, by the Isomorphism Theorem (Theorem 9) we have that A~ B.
Since 4 is a computably enumerable set, there exists a one-to-one computable
function f such that pf = A. Using f, define computable functions V, A and
C on N such that A = (N, V, A, C) is a computable Boolean algebra isomorphic
to A. We have that € Atom(A) iff f(z) € At. Since At is computably
enumerable, then so is Atom(A). Therefore, it is computable. O

We now prove the main theorem about the Boolean algebras with 1-low set
of atoms.

Theorem 22. Let B be a computable Boolean algebra with 1-low set of atoms.
Then there exists a computable Boolean algebra A = B such that Atom(A) is
computable.

PROOF. Note that Fr(B) is a X9-set with respect to Atom(B), and Al(B)
is a I{-set with respect to Atom(B). Since Atom(B) is 1-low, we have that
Fr(B) and Al(B) are AY-sets. If B contains finitely many atoms, then the
proof is trivial. If B contains infinitely many atoms, the proof follows from
Theorems 10 and 21. O

After the author have proved Theorem 22, P.E. Alaev pointed out that the
paper [7] by Knight and Stob contains the proof of the following statement: If
a Boolean algebra B is a AY-algebra with predicates distinguishing the set of
atoms, the Fréchet ideal and the ideal of atomless elements, then there exists a
Boolean algebra A = B computable together with the predicate distinguishing
the set of atoms. This fact can be used to obtain an alternative proof of Theorem
22.

84. Open problems. The results from this paper raised the following
open questions: Is the degree spectrum of the ideal of atomless elements in
a computable Boolean algebra of characteristic (1,1,0) or (1,0,1) closed up-
wards? Does there exist a computable Boolean algebra of characteristic (1,1,0)
or (1,0, 1) whose ideal of atomless elements is intrinsically non-computable?

In view of Theorem 22 the following question arose: Suppose that the degree
spectrum of the set of atoms in a computable Boolean algebra contains an n-low
degree for some n. Does it then contain the computable degree?

Answering these questions could help to better understand the structure of
the degree spectra of the sets of atoms and of atomless elements in computable
Boolean algebras.
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In conclusion, the author wishes to thank his scientific adviser S. S. Gon-
charov for posing the interesting problems discussed here and also the anony-
mous referee for some helpful comments concerning the presentation of the pa-
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